We address some basic features of the superconducting part of the phase diagrams of the highTc cuprates, which so far have not been properly described. We derive, in particular, analytic expressions for Tc(x), the critical temperature as a function of doping for such materials. These exhibit the well-known dome-shaped superconducting phases, which are in excellent agreement with the experimental data for single-layered materials such as LSCO, Bi2201 and Hg1201. Our starting point is a BCS-like theory, defined in the oxygen lattice of the CuO2 planes. This possesses two sublattices formed, respectively, by oxygen ions whose px and py orbitals overlapp with the copper 3d 9 orbitals. Cooper pair formation occurs between holes belonging to the two different sublattices.This naturally leads to a d-wave SC order parameter. Our results imply the optimal doping occurs at a value of the doping parameter for which the chemical potential vanishes. For N -layered cuprates, the growth of the optimal temperature as well as the trend of the SC and AF domes to superimpose, when N is increased, can be simply understood as an enhancement of the effective coupling parameter, namely, g → N g. Based on our findings we suggest a method for increasing the critical SC temperature in cuprates.
Introduction.
Understanding the mechanism of high-Tc superconductivity in the cuprate materials is, at the same time, one of the most fascinating and challenging problems in physics. Thirty years after the experimental discovery of superconductivity in such materials [1] , we still have several fundamental phenomenological issues of the highTc cuprates that cannot be properly accounted for by an underlying theory. To mention just a few of these issues, let us recall that so far we do not know the specific analytic expression for the curves representing the critical transition temperature as a function of doping, namely, T c (x), which form the characteristic SC domes in all highTc materials. We also still do not have an explanation for the fact that the optimal transition critical temperature increases as a function of the number of adjacent CuO 2 planes, up to a point and then stabilizes, as one can observe, for instance, in the, Bi, Hg and T l families of cuprates [2, 3] . Furthermore, we cannot explain why, in multi-layered cuprates with a number, N , of adjacent CuO 2 planes, the antiferromagnetic (AF) and superconducting (SC) domes found in the phase diagram of such materials come closer to each other and eventually superimpose, as we increase N .
In this work, we start from a BCS-like theory, defined on the oxygen lattice of the CuO 2 planes of the cuprates. This describes the kinematics and dynamics of the holes doped into the oxygen ions. Cooper pairs are formed by combining holes belonging to the two different sublattices of the oxygen square lattice, which contain respectively, p x and p y orbitals. This naturally leads to a d-wave SC order parameter.
The doping mechanism is explicitly taken into account by the introduction of a constraint relating the fermion number to a dopant dependent function. After integrating out the fermion degrees of freedom, we obtain an effective action in terms of the superconducting order parameter, ∆ 0 , the chemical potential λ 0 and the temperature. Then, minimizing the effective potential, which corresponds, to this action we are able to derive an expression relating ∆ 0 , T and the doping parameter x. From this, by making ∆ 0 = 0, we capture the threshold for the SC transition and thereby arrive at an analytic expression for the critical SC temperature as a function of doping, namely T c (x). This reproduces the familiar SC domes found in the cuprates and is in excellent agreement with the experimental data for single-layerd materials such as LSCO, Bi2201 and Hg1201.
Our results indicate that the optimal amount of stoichiometric doping, x 0 , which leads to the maximal T c occurs when the chemical potential vanishes: λ 0 (x 0 ) = 0 . The increase of the optimal temperature, as well as the tendency of the SC and AF domes to superimpose as we increase the number of adjacent planes, in multi-layered cuprates, can be simply understood within our approach, as the effective coupling parameter g is enhanced by the number, N , of such planes: g → N g.
The Mechanism of Doping
An outstanding feature of all High-Tc cuprates is the presence of one or more CuO 2 planes, intercepting the primitive unit cell of such compounds. The CuO 2 planes have a lattice structure in which Cu ++ ions occupy the sites and oxygen ions the links of a square lattice, with a lattice parameter a ′ = 3.8Å. These ions are in a 3d electronic configuration, which results in one spin 1/2 per site. The system of copper ions is a Mott-Hubbard insulator, hence, from this point of view, it forms an array of localized spins interacting with the nearest-neighbors through the super-exchange mechanism. This structure is ultimately responsible for the antiferromagnetic properties observed in the high-Tc cuprates. From the point of view of the oxygen ions, however, the picture is different. Indeed, the oxygen ions are themselves, placed on the sites of a square lattice, with a lattice parameter a = √ 2a ′ /2 = 1.9 √ 2Å which possesses two sublattices, containing, respectively, p x and p y oxygen orbitals, which overlapp with the Cu ++ d-orbitals (see Fig.1 ), thereby forming bridges that will allow not only hole hopping along the whole oxygen lattice, but also the formation of Cooper pairs along these bridges.
In the case of the pure parent compounds the oxygen ions are doubly charged, namely: O −− . In this case, such ions are in a 2p
6 configuration and the p x and p y orbitals contain two electrons each. The valence band which corresponds to the above described oxygen structure contains two electrons per site and, therefore, is completely filled. The electron density per site is N e = 2 A , where A = a 2 . As doping is introduced, through some stoichiometric process, parametrized by x, one of the two electrons, either from the p x or the p y oxygen sublattices is pulled out of the plane, thereby creating a hole in such orbital. Expressing the average hole density per site in the oxygen lattice as N h = 2 A y, where y ∈ [0, 1], it follows that average the electron density becomes N e = 2 A (1−y). Now, one must consider that the relation between the stoichiometric doping parameter, x and the average number of holes per site in the oxygen lattice of the CuO 2 planes, associated to the y-parameter, is not universally known, in general; usually exhibiting a different form for each of the cuprate materials [2] [3] [4] . Furthermore, the presence of interactions should influence such relation. So we have the hole density parameter given by some non-universal function of the doping parameter: y = f (x). Since we typically do not know the function f (x), we will, therefore, describe the doping through a constraint relating the fermion number directly to the stoichiometric doping parameter x, rather then to the density of holes in the oxygen lattice, which is parametrized by y. As we increase the doping parameter x, the number of holes in the oxygen lattice will somehow increase as well, eventually reaching an amount where the critical SC temperature reaches a maximum. We call x 0 the value of the doping parameter where this happens. As we will see, the chemical potential will vanish precisely at x = x 0 .
The Model.
The underlying pairing mechanism responsible for the superconductivity in cuprates, whatever it may be, must generate an effective BCS-like interaction Hamiltonian on the oxygen square lattice, which effectively governs the electrons and holes in the oxygen ions of the CuO 2 planes of the cuprates. An attentive analysis must consider the fact that the Cu ++ ions form bridges between the two oxygen sublattices by overlapping the corresponding p x and p y orbitals. It follows that both the hopping and the interaction of the corresponding oxygen holes (see Fig 1) , thereby assisted by the Cu ++ ions, must involve the two different p x and p y oxygen sublattices. We are going to use a simple Hamiltonian that captures these features, namely,
In the above expression, R denotes the sites of a square lattice and d i , i = 1, ..., 4, its nearest neighbors. ψ † A,Bσ is the creation operator of a hole with spin σ =↑, ↓ in sublattice A, B. Such sublattices are formed, respectively, by the p x and p y orbitals of oxygen ions. t is the usual hopping parameter, g, the interaction coupling parameter and Φ † is the Cooper pair creation operator, the vacuum expectation value of which, namely, ∆ = Φ , is a SC order parameter.
Such BCS interaction leads to Cooper pair formation, between holes belonging to different sublattices, with a dwave order parameter, as we shall see. It was inspired on the result obtained from the spin-fermion model [5] .The XY-asymmetry can be naturally ascribed to the different signs of overlapping p x and p y orbitals along the oxygen lattice x and y directions (see Fig. 1 ), which imposes
The two sublattices of oxygen ions, formed, respectively, by px and py orbitals that overlapp the Cu ++ d-orbital. Notice that the Cu ++ -assited overlap of px and py orbitals along the x-direction (of the oxygen lattice) gives a positive sign, whereas the one along the y-direction gives a negative sign. Black dots are the Cu ions.
In momentum space, we have the corresponding Hamil-
where ǫ(k) = 2t[cos k x a + cos k y a] is the usual tightbinding energy.
Using the xy-asymmetry of ∆(d i ), which is caused by the asymmetric overlap of p x and p y orbitals described above, we obtain accordingly
which has d-wave symmetry. Using a mean-field approach for the Cooper pair field Φ, we obtain the energy eigenvalues
When we start to dope and, consequently introduce holes in the system, it is natural to expect hole pockets to form around the points where This is precisely what is observed in ARPES experiments [6] , thus puting our model in a solid experimental basis.
An example of how this special BCS interaction can be derived from a system of interacting localized and itinerant spins, the spin-fermion system can be found in [5, 7] . A similar hamiltonian is described in [8] .
We arrange the electrons and holes of oxygen, with spin σ =↑, ↓ in the form of a four-component Nambu fermion field
where the indices, A and B, respectively, denote each of the two p x and p y sublattices. The cuprates can be classified according to the number of adjacent CuO 2 planes contained in their primitive unit cell. The index a indicates to which of the adjacent CuO 2 planes the electrons and holes belong. This index runs from 1 to N , where N = 1, 2, 3, ..., according to the number of planes the specific cuprate compound possesses. In this approach, we shall neglect interplane interactions. We introduce the x-dependence through the constraint
which is enforced by integrating over the Lagrange multiplier field λ, whose vacuum expectation value is the chemical potential. Here d(x) is a function of the stoichiometric doping parameter, to be determined. For consistency we must have
A , where A = a 2 is the unit cell area of the oxygen lattice: A = 2 (1.9)
2Å2 . Conveniently integrating on the the complex field, Φ, which acts as a Hubbard-Stratonovitch field, the Hamiltonian pass to display a quartic interaction in the fermions, with coupling g. Conversely including the doping constraint and performing the quadratic functional integral over the fermion fields we obtain the effective action S[∆, λ],
where A = i∂ 0 − H + λI ⊗ (−I). (Here I is the 2 × 2 identity matrix and H = Ψ † a HΨ a ). Minimizing this, namely δS δ∆ ∆=∆0;λ=λ0 = 0 ; δS δλ ∆=∆0;λ=λ0 = 0 .
we determine ∆ 0 , λ 0 .
The Critical Temperature: T c (x) In order to find the critical temperature T c (x), we impose the condition ∆ 0 = 0, which expresses the fact that the system is on the verge of the SC phase. Then, for ∆ 0 = 0 the conditions expressed in (7) lead to expressions for λ 0 (x) and T c (x), namely,
and
Where g c , is a threshold coupling parameter below which there is no SC phase. We find g c = α/Λ, where, α = 2πv 2 ef f , and v ef f = 2ta is the characteristic velocity and Λ is a momentum (energy) characteristic scale, which appears [9] in connection to the characteristic length of the system, namely, the coherence length ξ, which essentially measures the range of the pairing interaction (or the Cooper pair size). In cuprates we have ξ ≥ ξ 0 ≃ 10Å, whereas in conventional superconductors ξ ≥ ξ 0 ≃ 500Å. The momentum (energy) cutoff is then Λ ≃ hv ef f /ξ 0 = √ 2πα/ξ 0 . In the previous equations, T max , given by
is the upper bound of T c (x). We see that it occurs at x = x 0 , where λ 0 (x 0 ) = 0 and T max = T c (x 0 ). Optimal doping occurs when the chemical potential vanishes. According to (8) , this implies d(x 0 ) = 0. The simplest parametrization satisfying this and
with
We see that T max depends linearly on the couplings: N g − g c , whereas in conventional SC, there is an exponential dependence. This kind of behavior has been extensively studied before [7, 9] . By using the experimental values of T max for the many different compounds studied here, we find Λ ≃ 0.018eV . This is compatible with values of hv ef f and ξ 0 , found in previous studies [10] .
We describe now the results obtained by applying our theory to three single-layered cuprates (N = 1), namely LSCO, Bi2201 and Hg1201. In what follows, γ ≡ γ(gN ), for N = 1.
Results

LSCO
Starting from (9) The solution T c (x) of this implicit equation for the critical temperature of the SC transition is depicted in Fig. 3 .
For obtaining this result, we used γ = 0.020 eV , x 0 = 0.16 and T max = 0.0031 eV (Notice that T (K) = 11604 T (eV )). Observe also, that with the choice of γ, we adjust only one parameter, namely g, of our analytic expression for T c . Entering the experimental values of T max and x 0 and using the value of Λ, we find g = 0.40226 eV −1 , g c = 0.30766 eV −1 and η(1g) = 0.23517. Taking the limit T c → 0 in (13), we find the two quantum critical points where the SC dome starts at T = 0. These are given by
Inserting the above numerical vales, for N = 1, we find: 2 , In the next figure we superimpose it with our solution of (13) 2. Bi2201 and Hg1201 Now, for Bi2201 and Hg1201, we have different equations for T c (x) in the underdoped, x < x 0 and overdoped, x > x 0 regions. The reason is the expansions we have to make, starting from (9), are necessarily different for x 0 − x > 0 and x 0 − x < 0, thus leading to different equations in each region. Indeed, we obtain (see Suplementary Material)
The empirical parabolic fit for the SC dome of LSCO, dotted line, superimposed with our solution for Eq. (13), solid line. Experimental data from [12] [13] [14] [15] .
for x < x 0 and
for x > x 0 . Let us consider Bi2201 first. The solution T c (x) of these implicit equations for the critical temperature of the SC transition of Bi2201 is depicted in Fig. 5 . (15) and (16) for the SC dome of Bi2201. Experimental data from [16, 17] .
For obtaining this result, we used N = 1, γ = 0.0120 eV , x 0 = 0.29 and T max = 0.0030 eV , which imply g = 0.40800 eV −1 and g c = 0.31552 eV −1 and η(N = 1) = 0.22666.
Taking the limit T c → 0 in (13), we find the two quantum critical points where the SC dome starts at T = 0. (15) and (16) for the SC dome of Hg1201. Experimental data from [18, 19] .
These are given by
Inserting the above numerical vales, we find: x − SC = 0.1175 and x + SC = 0.3475. Now consider Hg1201. Then, using Eqs. (15) and (16) with parameters γ = 0.0310 eV , x 0 = 0.25 and T max = 0.00835 eV , we obtain the solution T c (x) of this implicit equation for the critical temperature of the SC transition, which is depicted in Fig. 6 
Increase of T max with The Number of Adjacent Planes
It is an evident experimental fact that the optimal transition temperature becomes higher as one increases the number of CuO 2 planes per primitive unit cell. Bi2201 and Hg1201, for instance, are single-layered materials, which have multi-layered relatives with a higher optimal temperature.
The mercury family, for instance, consists of [18, 19, 22, 23] : Hg1201 (single-layered) (T max = 97 K), Hg1212 (double-layered) (T max = 125 K), Hg1223 (triplelayered) (T max = 134 K), Hg1234 (four-layered)(T max = 127 K) and Hg1245 (five-layered)(T max = 120 K). It shows an increase of the optimal temperatures as the number of adjacent layers is increased from N = 1 to N = 3. Then for N = 4, 5, T max stabilizes at a temperature approximately corresponding to N = 2.
For the bismuth family, conversely, we have [2, 3, 20, 21] Bi2201 (single-layered) (Tmax = 34 K), Bi2212 (double-layered) (Tmax = 92 K), Bi2223 (triple-layered) (Tmax = 108 K)
From (10), we see that, assuming that g and g c are the same for all members of a family, we may express the optimal temperature of a multi-layered cuprate with N adjacent CuO 2 planes in terms of the same temperature of the single-layered one, as
Observing that η(N ) is a monotonically increasing function of N , the obvious effect of increasing the number of adjacent planes is to increase T max . This follows directly from the enhancement of the coupling parameter, namely: g → N g. We see that our theoretical values for the optimal temperature of the members of the Bi and Hg families, are in excellent agreement with the experimental values for N = 2. Then, for N = 3, the agreement is fairly good, whereas for N > 3, there is no agreement. The discrepancy, which starts at N = 3 and increases for larger N 's can be ascribed to another effect that evidently must be taken into account as we increase the number of planes. This is the distance of such planes to the charge absorving atoms doped into the system, which becomes progressively larger as the number of planes increases. Indeed, for N = 1 we have the two "charge reservoir" regions adjacent to the unique CuO 2 plane. For N = 2 still each of the two planes is adjacent to a charge reservoir. Then, for N = 3 one of the planes is no longer adjacent to any charge reservoir, while for N = 4 and N = 5 the innermost planes are located far from the charge reservoirs. It happens that while the outer planes are optimally doped the inner planes remain underdoped [24] . The number of active CuO 2 planes, namely, adjacent to a charge reservoir, in this case, is equivalent to the one we have for N = 2, hence the temperature stabilizes at values similar to the ones we had for N = 2.
Superposition of the SC and AF Domes An evident effect in the phenomenology of multilayered cuprates is the observation that, as we increase the number of CuO 2 planes per primitive unit cell, the SC and AF domes come closer to each other and eventually superimpose [24] . From (17), we clearly see that the quantum critical point x ± SC decreases as we increase N , the number of adjacent planes, as a result of the enhancement of the effective coupling constant g. Hence it will eventually come inside the AF dome that will consequently be superimposed to the SC dome. Indeed, using (14) , (17) and considering that η(N ) is a monotonically increasing function of N we can understand why x − SC (N ) decreases as N increases, therefore producing a superposition of the SC and AF domes. Furthermore, since the innermost planes are far from the charge reservoirs, they remain underdoped, and consequently in the AF phase while the outermost planes are efficiently doped and go into the SC phase.
Conclusions.
Our results indicate that the mechanism of Cooper pair formation in the cuprates, whatever it may be, must produce a BCS-type effective theory for the holes doped into the system, whose hamiltonian is defined on the oxygen lattice of the CuO 2 planes. Because of the alternate overlap between p x and p y orbitals with the Cu ++ ion orbitals, which forms bridges for the doped holes, the oxygen lattice is split in two inequivalent sublattices. Cooper pairs are formed by holes belonging to different sublattices, naturally yielding a d-wave SC order parameter. Integrating over the fermions and minimizing the resulting effective action, we derive an implicit equation for the critical SC temperature as a function of doping: T c (x). The solution of such equation is, then compared with the experimental data for different compounds, showing an excellent agreement. The increase of T max with the number of adjacent planes as well as the superposition of SC and AF domes in multi-layered cuprates can be understood as a consequence of the enhancement of the coupling g → N g produced by the presence of these planes. Based on our results one can devise a way to increase T c in cuprates: this would be achieved by effectively doping the innermost planes in multilayered cuprates. For that purpose, one should design materials with a unit cell containing as much layers as possible but with charge reservoirs intercalating no more than two layers.
Our results open a new avenue of investigation of the physical properties of High-Tc cuprates, with outstanding possibilities. Among these, how to describe the pseudogap transition and the charge ordering phases within this framework, how to include the antiferromagnetic phase in the picture, how to describe the interplay of the AF and SC phases, how to describe the resistivity above T c . The crucial issue in high-Tc superconductiv-ity, of course, remains the underlying mechanism of pair formation. The results reported here could be a concrete step forward towards the complete understanding of the nature of this mechanism.
